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What is Approximate Simulation?

Ensures that the anchor (whole-body) model
can track the template with ε precision:

Template
Anchor

ε

Certified with a Lyapunov-like simulation
function:

V(x1,x2) =
√

(x1−Px2)T M(x1−Px2)

Interface determines controls that track the
template.

u1 = Ru2 + Qx2 + K(x1−Px2),

We establish an Approximate Simulation Relation between
the Linear Inverted Pendulum and a Planar Balancer.

Template: Linear
Inverted Pendulum

⇔

Anchor: Fully
Actuated Balancer

Our approach enables better push recovery
by allowing centroidal momentum to vary.
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Summary
Reduced-order models are useful, but
no formal connections⇒ no guar-
antees.

⇐⇒

We establish an Approximate Simu-
lation Relation between the Linear
Inverted Pendulum and a Planar
Balancer.

ε

An A.S. relation ensures that the an-
chor can track the template with ε
precision.

This enables better push recovery
by allowing centroidal momentum to
vary.

Approximate Simulation Relations

Complex anchor system:

Σ1 :

{
ẋ1 = f1(x1,u1)
y1 = g2(x1)

Simpler template system:

Σ2 :

{
ẋ2 = f2(x2,u2)
y2 = g2(x2)

Lyapunov-like Simulation Function:
V(x1,x2) ≥ ‖g1(x1)− g2(x2)‖

Interface:
u1 = uV(u2,x1,x2)

For γ(‖u2‖) < V(x1,x2),
∂V
∂x2

f2(x2,u2) + ∂V
∂x1

f1(x1, uV(u2,x1,x2)) < 0.

Approximate Simulation for Linear Systems

Difficult to find V , uV in general, but for linear systems...

V(x1,x2) =
√

(x1−Px2)TM(x1−Px2)

uV(u2,x1,x2) = Ru2 + Qx2 + K(x1−Px2)

γ(u2) = ‖
√

M(B1R −PB2)‖
λ

u2

where
•PA2 = A1P + B1Q
•C2 = C1P
•K is stabilizing feedback gain for Σ1
•M certifies convergence of Σ1 to zero with rate λ under u1 = Kx1

Templates and Anchors

Template Model

Task-Space Model

Whole-Body (anchor) Model

approximate simulation

feedback linearization

Template: Linear Inverted Pendulum.

ẋlip = Alipxlip + Blipulip

where ulip is the center-of-pressure posi-
tion.

Task-Space: Centroidal Dynamics.

ẋtask = Alipxtask + Bliputask

where
xtask =

[
pG
hG

]
utask = ḣG

Anchor: Rigid-Body Model.

H(q)q̈ + C(q, q̇)q̇ + τg = τ
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Projecting Contact Constraints to the Template

Contact Wrench
Cone Constraint

Bilinear Centroidal
Momentum Constraint

Convex Inner
Approximation

Template Contact
Constraint

Bound CoM
Acceleration Interface

Constraint Linearization

CWC Constraint on contact force:
Af0 ≤ 0

Bilinear constraint on centroidal momentum hG:

A0X∗G(ḣG −
[

0
mg

]
) ≤ 0

Rewrite in terms of linear (lG) and angular (kG)
momentum:

A0X∗GḣG ≤ A0X∗G
[

0
mg

]
A
[

I
0

]
k̇G + A

[
S(pG)

I

]
l̇G ≤ A

[
I S(pG)
0 I

] [
0
mg

]
Linear constraint if ‖l̇G‖∞ ≤ lmax:

AḣG + A
[
S(mg)− S(l̇G)

0

]
pG ≤ A

[
0
mg

]

Details

•Template MPC accounts for friction

• Interface enforces formal relation with
centroidal dynamics

•Feedback linearization determines joint
torques, no need to consider friction

Our Control Framework

Contact Constraints

Template MPC
Ensuring Approx.

Simulation

Interface

Feedback Linearization

Robot

template
trajectory

task-space
control
(centroidal)

joint
torques

state
estimate
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Proposed Control Framework

Contact Constraints

Approx. Simulation
Template MPC

Interface

Feedback Linearization

Robot

xlip,ulip

utask

τ

q, q̇

Contact-aware Template MPC

min
N−1∑
t=0

L (xlip(t),ulip(t)) + Lf (xlip(N))

s.t. xlip(0),xtask(0) given
ẋlip = Alipxlip + Blipulip
ẋtask = Ataskxtask + Btaskutask
utask = Rulip + Qxlip + K(xtask −Pxlip)

Acwc

[
xtask
utask

]
≤ bcwc

‖l̇G‖∞ ≤ l̇max

Standard Control Framework

Template MPC

PD Controller

QP-based
Feedback Linearization

Robot

Contact
Constraints

xlip,ulip

utask

τ
q, q̇

Traditional Template MPC

min
N−1∑
t=0

L (xlip(t),ulip(t)) + Lf (xlip(N))

s.t. xlip(0),xtask(0) given
ẋlip = Alipxlip + Blipulip
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Future Work: Walking Control

Challenges:
• Impact disturbances: robust approximate
simulation
•Multiple support

Anticipated Benefits:
•Template ensures contact feasibility
•Less parameter tuning
•More robust

Future Work: Beyond Task-Space Approximate Simulation

Contact Constraints

Approx. Simulation
Template MPC

Interface

Robot

xlip,ulip

τ

q, q̇

Goal: establish formal connection
with whole-body dynamics directly

•Use SOS techniques to find V(x1,x2)

•D-SOS/SD-SOS to address scalability
challenges [1]

• Interface = closed-form (xlip,ulip) 7→ τ

Future Work: Enabling
Whole-Body MPC

DDP is promising, but friction constraints
are difficult to handle [3].

Contact Constraints

Template MPC

Interface

Whole-Body MPC

Robot

xlip,ulip

utask

τ

q, q̇

Use approximate simulation to enforce
contact constraints with the template.
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